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Abstract. A promising theory in modifying general relativity by violating the
ordinary energy-momentum conservation law in curved spacetime is the Rastall theory
of gravity. In this theory, geometry and matter fields are coupled to each other in
a non-minimal way. Here, we study thermodynamic properties of some black hole
solutions in this framework, and compare our results with those of general relativity.
We demonstrate how the presence of these matter sources amplifies effects caused
by the Rastall parameter in thermodynamic quantities. Our investigation also shows
that black holes with radius smaller than a certain amount (≡ r0) have negative heat
capacity in the Rastall framework. In fact, it is a lower bound for the possible values
of horizon radius satisfied by stable black holes.
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1. Introduction
One of the big puzzles in science is the fact that our universe is going through a phase
of accelerated expansion. A possible explanation for this is the presence of a dark
energy field, one with constant positive energy density and negative pressure, that can
provide a kind of matter that allows such acceleration. Despite the fact that the nature
of the dark sectors of the cosmos is currently unknown, standard cosmology is very
successful in describing the cosmos history. One of these models, based on the presence
of a cosmological constant term in Einstein’s gravity, is called ΛCDM , or Λ Cold Dark
Matter, where Λ is the cosmological constant and plays the role of dark energy. The
most promising explanation for the existence of a cosmological constant is the vacuum
energy of elementary particles, but calculations tell us that such vacuum energy is more
than one hundred orders of magnitude higher than the measured value for Λ.
Another possibility is that the negative pressure is generated by some peculiar kind
of perfect fluid, where the proportion between the pressure and energy density is between
−1 and −1/3. If this perfect fluid is generated by a scalar field, it is generally called
quintessence, and it is considered as a hypothetical form of dark energy. Therefore, if
this is the case, we must consider that our universe is pervaded by such fluid, and we
must study strong gravity objects such as black holes in contact with them. This is
the idea presented by Kiselev in [1], and has been generalized to the Rastall model of
gravity [2] in Ref. [3].
The idea behind Rastall model is that our laws of conservation, such as conservation
of mass/energy, has been probed only in the flat or weak-field arena of spacetime [2]. A
new generalization of this theory has recently been proposed, introducing the coupling
between matter and gravitational fields in a non-minimal way as an origin for the
accelerating phase of the universe [4]. Based on Rastall’s argument, the necessity that
the covariant derivative of the energy-momentum tensor to be zero can be relaxed,
allowing one to add new terms to the Einstein’s equation. In fact, it has recently
been shown that the divergence of the energy-momentum tensor can be non-zero in a
curved spacetime [5]. For this theory, several exact solutions has been obtained, both
for astrophysical [3, 6–13] and cosmological scenarios [14–20].
Comparing thermodynamic quantities and properties of black holes in Rastall
gravity with their counterparts in general relativity helps us to be more familiar with
the nature of a non-minimal coupling between geometry and matter fields introduced
in the Rastall hypothesis. Besides, thermodynamics properties of Kiselev solutions in
the general relativity framework have been studied by some authors [21–26]. In fact,
thermodynamic properties of diverse black holes have extensively been studied in various
theories of gravity [27–51]. Hence, our aim in this paper is to study the thermodynamic
quantities and properties of black holes surrounded by a prefect fluid in the Rastall
framework. An appealing property that we found concerns the coupling of the Rastall
parameter with the energy density of the surrounding fields: they couple in such a way
that the fields densities work as an amplifier to Rastall-like deformations, which could
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help us to experimentally distinguish between this formalism and general relativity.
This paper is organized as follows. In the next section, we address general remarks
on black hole solutions surrounded by a perfect fluid in general relativity and the Rastall
theory as well as the thermodynamic quantities of black holes in the Rastall framework.
In sections 3 and 4, energy and pressure of solutions surrounded by a quintessence field
and cosmological constant, as promising approaches to describe the current accelerating
universe, respectively, are studied in details in the Einstein and Rastall frameworks.
The case of phantom field is also investigated in section 5. In section 6, we will study
the possibility of the occurrence of phase transitions in Rastall black holes. The last
section is devoted to a summary and concluding remarks.
2. A black hole surrounded by a perfect fluid in Rastall gravity; general
remarks
In this paper we will work with a Schwarzschild-like metric, given by
ds2 = −f(r)dt2 + 1
f(r)
dr2 + r2dΩ2, (1)
with dΩ2 = dθ2 + sin2(θ)dφ2, along with a general spherically symmetric energy-
momentum tensor. The general expression for time and spatial components of such
tensor is given by
T tt = A(r), T
t
i = 0, and T
i
j = C(r)rjr
i +B(r)δij. (2)
For general relativity, Kiselev has shown [1] that if the background is filled by a
source with pressure p(r) and energy density ρ(r), related to each other by a state
parameter ωq ≡ p(r)ρ(r) , then
f(r) = 1− 2MK
r
−NKrηK (3)
in which MK and NK are constants of integration and
ηK = −1 − 3ωq. (4)
2.1. Black holes surrounded by a perfect fluid in Rastall gravity
Rastall gravity is a theory where the total energy-momentum tensor is not conserved,
but its covariant derivative is proportional to the derivative of the Ricci scalar [2]. This
means that, in a flat spacetime or as a first approximation of a weak gravitational field,
all the known laws of conservation are valid. We should stress that such laws has been
tested only in the weak regime of gravity, and it is known that gravity can produce
particles via quantum effects, thus breaking some of these laws [2].
Rastall hypothesis can be written as
∇µT µν = λ∇νR, (5)
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where λ is the Rastall parameter, and general relativity is recovered in the limit λ→ 0.
From (5), we can write the modified equations of gravity as
Hµν ≡ Gµν + λκδµνR = κT µν , (6)
where κ is Rastall’s gravitational constant. To find solutions to these field equations,
one should solve the set of equations (6) for some energy-momentum tensor.
Taking the trace of equation (6), we have
R(4λκ− 1) = κT, (7)
which means that in vacuum one must have R = 0 or κλ = 1/4. As the latter option
is not allowed (see [2, 52]), the former should be the case, and we must have that all
vacuum solutions in GR are also solutions for Rastall gravity.
Applying Kiselev’s approach [1] to the field equations, and considering ρ(r) = Arβ,
where both A and β are constants, Heydarzade and Darabi [3] found out
β = −3(1 + ωq)− 12κλ(1 + ωq)
1− 3κλ(1 + ωq) , (8)
and
A =
3N(1− 4κλ)(κλ(1 + ωq)− ωq)
κ(1− 3κλ(1 + ωq))2 , (9)
where N is an integration constant, related with the surrounding field. Hence, the
metric function is given by
f(r) = 1− 2M
r
−Nrη, (10)
with
η = −1 + 3ωq − 6κλ(1 + ωq)
1− 3κλ(1 + ωq) , (11)
where M is another integration constant, representing the black hole mass. For λ → 0
we recover the solution found by Kiselev [1] in the framework of general relativity. It is
worthwhile mentioning that similar solutions can also be obtained in Rastall framework
for other situations [10, 11].
For each choice of equation of state, we can find the metric, as given by (10), along
with the constant A, given by (9). To preserve the weak energy condition, i.e., ρ > 0,
we must have A > 0, and this will define the sign of the parameter N as dependent on
the parameter κλ. For a full discussion on each case, see [3].
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2.2. Thermodynamic quantities of black holes in Rastall Gravity
To work on the thermodynamic aspects of the Rastall model of gravity, we must
define classical thermodynamic quantities, such as energy and entropy. These are
local quantities, but for general relativity there is no straightforward way (it is even
senseless) to define the local energy of a gravitational field configuration. For the total
energy, the most accepted ones are the ADM energy at spatial infinity [53], and the
Bondi-Sachs [54, 55] energy at null infinity, both describing an isolated system in an
asymptotically flat spacetime. But its local counterpart should be chosen as a useful
quantity, defined for the interior of some well-defined boundary, that goes to one of the
well-accepted values of energy as the boundary goes to infinity.
Some useful definitions for this quasi-local notion of energy exist in literature [66],
and in this paper we will use the results obtained in [52], that uses a generalized Misner-
Sharp definition of energy [56], as a suitable definition for energy [67–79] to find the
corresponding entropy related with the geometry of the spacetime in Rastall gravity.
The unified first law of thermodynamics (UFL) is defined as [80]
dE ≡ AΨadxa +WdV, (12)
in which, Ψa = T
b
a∂br +W∂ar is the energy supply vector, and W = −h
abTab
2
denotes
the work density. Moreover, hab = diag(−f(r), 1f(r)) for metric (1), and in fact, it
is the metric on two dimensional hypersurface (t, r). UFL is compatible with the
generalization of the Misner-Sharp mass [80], and therefore, one can use the above
equation in order to find the generalized Misner-Sharp mass in the gravitational theory
under investigation [52, 80]. Defining γ ≡ λκ, the Newtonian limit leads to [52]
κ =
4γ − 1
6γ − 18pi , (13)
and applying the Unified first law of thermodynamics to the horizon of metric (1), one
can get the Misner-Sharp mass content of black holes in Rastall gravity as +
E =
6γ − 1
2(4γ − 1)[(1− 2γ)rH + γr
2
Hf
′(rH)], (14)
where ′ means derivative with respect to the coordinate r, and rH denotes the horizon
radius. In order to obtain the system pressure, one can use the r − r component of the
Rastall field equations (6) to obtain [52]
P (rH) =
6γ − 1
(4γ − 1)8pi
(
1
rH
[rHf
′(rH)− 1]− γ
r2H
[r2Hf
′′(rH) + 4rHf
′(rH)− 2]
)
.(15)
In addition, bearing the first law of thermodynamics (dE = TdS − PdV ) in mind, and
using Eqs. (14) and (15), it has been shown that the entropy of black hole is [52]
S =
(
1 +
2γ
4γ − 1
)
So. (16)
+ For a general derivation of thermodynamic quantities in Rastall gravity, see [52].
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Here, So = A/4 is the well-known Bekenstein entropy. We can note that, as γ → 0, one
recovers the formulas valid in general relativity [52]. It is useful to note here that since
the γ = 1
4
case is not allowed in this theory [2,52], the singularity of the above relations
at this value of γ is not worrying.
3. Thermodynamics of a black hole surrounded by a quintessence field in
Rastall gravity
A quintessence field, with state parameter ωq ranging between −1 < ωq < −1/3, may be
responsible for the observed accelerated expansion of the universe [1, 57] (for a review,
see [58]). Here, we will consider the case of a black hole surrounded by the quintessence
field with ωq = −2/3, such that
f(r) = 1− 2M
r
−Nqr
1+2γ
1−γ , (17)
which reproduces the solution of Ref. [1] for γ = 0. Applying this state parameter to
Eq. (14), the Misner-Sharp mass content confined in the horizon is
Eq =
(1− 6γ)
8

rH(1− γ)2 −Nq γ(2 + γ)r
2+γ
1−γ
H
(γ − 1)(γ − 1
4
)

 , (18)
which is equal to the Schwarzschild case E = rH/2, for γ = Nq = 0.
We plotted Eq as a function of the horizon radius (rH) for different values of the
Rastall parameter γ in Fig. (1). One can see that for small positive values of γ, the energy
grows until a maximum value is reached, then diminishes indefinitely and eventually
becomes negative from a finite value of rH . Such behavior is absent in general relativity,
where a linear energy growth is observed. The coupling between the Rastall parameter γ
and the quintessence energy density parameter Nq is essential for this kind of behavior.
Instead, for negative small values of γ, Rastall gravity furnishes an ever positive
contribution to the Misner-Sharp mass. Considering deviations of GR like γ = ±0.003,
γ = ±0.005 and Nq = 0.01, we plotted it just up to rH ∼ 10 km, because this is the
order of magnitude of the detected BHs by LIGO [59–62]. In these cases, the energy
content within the horizon is increased in comparison to GR for a fixed value of the
horizon. The energy density of the quintessence fluid is proportional to Nq (as can be
seen in [3]) and for GR the formula for the Misner-Sharp mass does not depends on Nq,
therefore the higher the quintessence energy density, the higher is the difference between
GR and Rastall gravity.
Thermodynamics of Black Holes in Rastall Gravity 7
Figure 1. Misner-Sharp mass for quintessence field Eq as a function of the horizon
rH , in solar mass units. We considered the cases of γ = −0.005 (blue, dashed line),
γ = −0.003 (blue, dash-dotted line), GR (black, solid line), γ = 0.003 (red, dash-
dotted, thick line) and γ = 0.005 (red, dashed, thick line). We used Nq = 0.01 and
M⊙G/c
2 ≈ 1.48 km is the solar mass in length units.
The pressure at the horizon is found from (15) as
Pq = −Nq
8pi
(2 + γ)(1− 6γ)
(1− γ)2 r
4γ−1
1−γ
H . (19)
The quintessence fluid is characterized by presenting a negative pressure (for a
positive energy density). This way, it is expected that its presence might be described
by the negativity of the system’s pressure. This is a feature presented both in GR and
Rastall gravity, however its dependence with the horizon rH is affected by the Rastall
parameter. For the cases that we are considering, its qualitative behavior is preserved
(as can be seen in Fig. (2)), i.e., the pressure gets suppressed by the BH horizon’s size.
It should be noted that if the Rastall parameter is such that (2+γ)(1−6γ) < 0, its
coupling with Nq inverts the sign of the pressure to be positive. The pressure is negative
for −2 < γ < 1/6 and is positive for γ < −2 ∪ γ > 1/6. And also the modulus of the
pressure grows with the horizon for 1/4 < γ < 1 and decreases for γ < 1/4 ∪ γ > 1
(which is the present case).
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Figure 2. The pressure for quintessence field Pq as a function of the horizon rH . We
considered the cases of γ = −0.005 (blue, dashed line), γ = −0.003 (blue, dash-dotted
line), GR (black, solid line), γ = 0.003 (red, dash-dotted, thick line) and γ = 0.005
(red, dashed, thick line). We used Nq = 0.01.
4. Thermodynamics of a black hole surrounded by a cosmological constant
in Rastall gravity
Consider a cosmological constant surrounding the BH, i.e., ωc = −1, that may also
presumably drive the accelerated expansion of the universe [63]. The metric function is
the same for GR and Rastall gravity (it does not depend on γ), and is given by
f(r) = 1− 2M
r
−Nc r2. (20)
In fact, it is a solution obtained from other considerations [10, 11]. The Misner-Sharp
mass confined in the horizon is
Ec =
1− 6γ
2− 8γ
(
1− γ − 3γNc r2H
)
rH . (21)
As can be seen form Eq.(21), even thought the metric does not depend on γ, due to
the modified field equations of this theory, the Misner-Sharp mass is deformed. The
preservation of the metric function is responsible for avoiding a possible γ-dependence
in the power of rH . However, as in the previous case, an important extra contribution
arises from the coupling between the energy density Nc and γ. For the same reasons of
the previous section, and for the same set of parameters, we depict Ec as a function of
rH in Fig. (3). As can be seen, a similar qualitative behavior is found independently
on the fluid under consideration. From Eq.(21), for Nc > 0, the Misner-Sharp mass
is a concave function of rH for 0 < γ < 1/6 ∪ γ > 1/4, and is a convex one for
γ < 0 ∪ 1/6 < γ < 1/4.
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Figure 3. Misner-Sharp mass for quintessence field Eq as a function of the horizon
rH , in solar mass units. We considered the cases of γ = −0.005 (blue, dashed line),
γ = −0.003 (blue, dash-dotted line), GR (black, solid line), γ = 0.003 (red, dash-
dotted, thick line) and γ = 0.005 (red, dashed, thick line). We used Nq = 10
−6 and
M⊙G/c
2 ≈ 1.48 km is the solar mass in length units.
The pressure at the horizon is a constant
Pc = − 3
8pi
(1− 6γ)Nc. (22)
It becomes positive for γ > 1/6, whenever NC > 0. It is also apparent that a negative
pressure is obtainable for γ > 1/6 if NC < 0.
5. Thermodynamics of a black hole surrounded by a phantom field in
Rastall gravity
Another interesting fluid that we analyze consists in the so called phantom field [57,64]
with a super-negative equation of state ωp < −1. For our purposes, we consider
ωp = −4/3. Thus the metric function reads
f(r) = 1− 2M
r
−Npr
3−2γ
1+γ . (23)
The Misner-Sharp mass confined in the horizon is
Ep =
(6γ − 1)
8

rH(1− γ2) +Npγ(γ − 4)r
4−γ
1+γ
H
(γ + 1)(γ − 1
4
)

 . (24)
Qualitatively, it behaves similarly to the quintessence case, however with a mass
growth governed by an approximately fourth power law, instead of the approximately
squared one of the quintessence field, as is depicted in Fig. (4).
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Figure 4. Misner-Sharp mass for phantom field Ep as a function of the horizon
rH , in solar mass units. We considered the cases of γ = −0.005 (blue, dashed line),
γ = −0.003 (blue, dash-dotted line), GR (black, solid line), γ = 0.003 (red, dash-
dotted, thick line) and γ = 0.005 (red, dashed, thick line). We used Np = 10
−10.
The pressure at the horizon is
Pp =
−Np
8pi
(4− γ)(1− 6γ)
(1 + γ)2
r
1−4γ
1+γ
H . (25)
It becomes more negative with the growth of rH . Also, the distinction between the
various values of the Rastall parameter γ becomes more explicit with the increasing of
the horizon, as can be seen in Fig. (5).
The pressure is positive for 1/6 < γ < 4 and is negative for γ < 1/6 ∪ γ > 4.
Also, the modulus of the pressure decreases with the horizon for γ < −1 ∪ γ > 1/4
and increases for −1 < γ < 1/4 (which is the present case).
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Figure 5. The pressure for phantom field Pq as a function of the horizon rH . We
considered the cases of γ = −0.005 (blue, dashed line), γ = −0.003 (blue, dash-dotted
line), GR (black, solid line), γ = 0.003 (red, dash-dotted, thick line) and γ = 0.005
(red, dashed, thick line). We used Np = 10
−10.
6. Phase transition in black holes
The possibility of occurrence of phase transition [65] for black holes has been studied
in various theories of gravity to get more information on the thermodynamic features
of black holes [21–51]. Here, we are going to study the phase transitions for black holes
in Rastall gravity by focusing on Kiselev counterpart solutions [1] in Rastall gravity [3].
Indeed, these solutions are generally more than a generalization of the Kiselev solutions
to the Rastall framework, and can also be valid in some other situations [10, 11].
For the spherically symmetric static metric (1), the radius of event horizon (rH)
can be found by solving the f(rH) = 0 equation. Bearing Eq. (10) in mind, one can
easily see that for N > 0 and N < 0, the η = 2 case recovers the de-Sitter (dS) and
anti de-Sitter (AdS) universes, respectively. Moreover, the Reissner-Nordstro¨m (RN)
universe can be obtained by taking into account the η = −2 case [10, 11]. In fact, if
a black hole is surrounded by a radiation source (ωq =
1
3
), then independently of the
value of the parameter γ, we have η = −2 [10, 11].
Now, since S =
(
1 + 2γ
4γ−1
)
pir2H , we have rH = α
√
S, where α =
√
4γ−1
pi(6γ−1) ,
combined with Eq. (10) to get
f ′(rH)→ f ′(S) = M
′
S
−N ′S(η−1)/2. (26)
in which N ′ ≡ ηαη−1N and M ′ ≡ 2M
α2
. Since the Misner-Sharp definition of energy
is fully compatible with the unified first law of thermodynamics [52], we take it as
the total thermodynamic energy of system. Therefore, using Eq. (14) and defining
α′ ≡ (1−2γ)
2piα
= (1− 2γ)
√
6γ−1
4pi(4γ−1) , we easily reach at
E(S) = α′
√
S +
γ
2pi
(M ′ −N ′S η+12 ). (27)
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The Hawking temperature and the heat capacity can be found as
T (S) =
dE
dS
=
α˜− N˜S η2√
S
, (28)
and
C = T
dS
dT
=
2S(α˜− N˜S η2 )
(α˜− N˜S η2 )(η − 1)− ηα˜ , (29)
where α˜ = α
′
2
and N˜ = γN
′(η+1)
4pi
, respectively. Hence, heat capacity diverges at
S0 =
Sm
(1−η)
2
η
, where Sm ≡ ( α˜N˜ )
2
η , meaning that there can be a second order phase
transition at this point [65]. In fact, by bearing Eq. (11) in mind, one can see that the
value of η, and therefore, the possibility of occurrence of a phase transition depends on
the values of γ and ωq. As a check, we can easily see that the results of considering the
Schwarzschild metric can be obtained by applying both the γ → 0 and η → 0 limits to
the above results.
It is interesting to note here that if α˜ = 0 and η > 1
2
, then T → 0 for S → 0.
This means that the second law of thermodynamics is satisfied by this case. Moreover,
N˜ should be negative to meet the S > 0 condition, meaning that this case requires
N˜ ≤ 0. Besides, heat capacity is positive only if η > 1. Additionally, since S0 = 0,
there is only one phase with E = γ
2pi
M ′ − 2N˜
η+1
S
η+1
2 . This way, if η = 2 and γ = 1
2
, we
have α′ = α˜ = 0 and ωq = −1. Moreover, Eq. (16) implies S = 2S0 in this situation.
To clarify the behavior of this case, energy, temperature and heat capacity have been
plotted in Fig. (6).
Figure 6. Temperature and heat capacity for η = 2, N˜ = −5 and α˜ = 0. For the
energy curve, M ′ = 4pi and γ = 1
2
compatible with α˜ = 0 leading to ωq = −1.
Now, for the α˜
N˜
< 0 case parallel to α˜ > 0, since N˜ is negative, the temperature
is positive everywhere, and T (S → 0) → ∞, meaning that the second law of
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thermodynamics is not satisfied. While for η < 1, the temperature drops to zero for
S ≫ 1. If we have η > 1, then the temperature have a minimum located at S = S0 for
that T (S0) =
ηα˜
(η−1)
√
S0
, and it increases as a function of S for S > S0. It is worthwhile
mentioning that, for η = 1, there is no singularity in the behavior of heat capacity,
and T (S ≫ 1) ≈ −N˜ . Temperature, energy and heat capacity have been plotted in
Figs. (7) and (8), respectively. Here, we only focus on the M ′ = 2pi
γ
case combined with
the definitions of M ′, α, γ and Eq. (13) to reach at M = λ
8piG
.
Figure 7. Temperature and Energy for M ′ = 2pi
γ
, N˜ = −5 and α˜ = 1 while η = 3.
Figure 8. Heat capacity for N˜ = −5, α˜ = 1 and η = 3. There is a second order phase
transition located at S0 = (
1
100
)
1
3
In Fig. (7), we show that while the temperature is positive for S < S0, its changes
are very expressive. Besides, as it is apparent from Fig. (8), the heat capacity is negative
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for S < S0, meaning that it is an unstable phase [51]. Therefore, black holes of radius
rH < r0 ≡ α
√
S0 are unstable and, in fact, r0 is a lower bound for the radius of a stable
black holes in this approach.
Based on Eq. (28), if α˜
N˜
> 0 (or equally α˜ < 0), then T = 0 for S = Sm ≡ ( α˜N˜ )
2
η ,
and thus the system can obtain negative temperatures [65]. In fact, this situation is very
similar to a system in which magnetic dipoles are located in the direction of the external
magnetic field B [65]. In Figs. (9) and (10), temperature, heat capacity and energy have
been plotted for η = 1
2
, leading to S0 = 16Sm. In this manner, both the heat capacity
and temperature are negative while 0 < S < Sm. They will simultaneously obtain their
positive values for Sm < S < S0. For S > S0, although temperature is positive, heat
capacity is again negative, thus signalling an unstable state [51, 65].
Figure 9. Temperature and heat capacity for N˜ = −5 and α˜ = −1 while η = 1
2
and
thus Sm = (
1
5
)4.
Figure 10. Energy for M ′ = 2pi
γ
, N˜ = −5 and α˜ = −1 while η = 1
2
.
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Finally, it should again be noted that, unlike Refs. [27–51], we used the Misner-
Sharp energy, in full agreement with the unified first law of thermodynamics [52], as the
thermodynamic potential in our calculations.
7. Considerations
We studied some thermodynamic properties of black holes in Rastall gravity. The
Misner-Sharp mass of Rastall black holes has been used in our approach so to be
compatible with the unified first law of thermodynamics. Our investigation shows
that the difference between the Misner-Sharp mass of Rastall black holes and their
counterparts in Einstein’s gravity will be decreased by reducing the size of black hole.
The behavior of the thermodynamic pressure of black holes has also been studied
showing that a non-minimal coupling between geometry and matter fields in the Rastall
way can lead to notable effects on the pressure of the system. We finally investigated
the possibility of occurrence of phase transitions for Rastall black holes. Like general
relativity [51], a lower bound for the horizon radius (r0) was obtained, indicating that
the heat capacity of black holes with radius smaller than r0 is negative. This means
that such black holes are unstable.
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